Abstract. We develop the metric theory of Diophantine approximation on homogeneous varieties of semisimple algebraic groups and prove results analogous to the classical Khinchin and Jarnik theorems. In full generality our results establish simultaneous Diophantine approximation with respect to several completions, and Diophantine approximation over general number fields using Salgebraic integers. In several important examples, the metric results we obtain are optimal. The proof uses quantitative equidistribution properties of suitable averaging operators, which are derived from spectral bounds in automorphic representations.
Introduction
In the classical theory of Diophantine approximation one studies approximations of vectors x ∈ R d by rational vectors. Beginning with works of Khintchine in the 1920s, there has been a rich literature investigating the size of the sets of vectors in R d satisfying various approximation properties [15, 6, 2] . To set the scene we recall two fundamental results in this subject -the Khintchine and Jarník theorems.
Let us fix a nonincreasing function ψ : R + → (0, 1] which will measure the quality of rational approximations. A vector x ∈ R d is called ψ-approximable if there exist infinitely many (p, q) ∈ Z d × N such that
is the lim sup set with respect to the balls centered at The converse is a fundamental theorem of Khintchine [8] :
then the set W(R d , Q d , ψ) has full Lebesgue measure.
If we strengthen (1.1) to require that
for some α ∈ (0, d), then it easily follows that the Hausdorff dimension of the set W(R d , Q d , ψ) is at most α. The converse has been established by Jarník [7] : Theorem 1.2 (Jarník) . If for some α ∈ (0, d), The aim of this paper is to develop the metric theory of Diophantine approximation on homogeneous varieties of semisimple algebraic groups. In fact, we consider, more generally,
• the problem of simultaneous Diophantine approximation with respect to several completions, • the problem of Diophantine approximation over number fields by S-algebraic integers. Although the question of proving a Khintchine-type theorem for homogeneous varieties was raised already half a century ago by S. Lang [10, p. 189] , it has remained widely open. We are only aware of results for rational quadrics [4] . It should be noted that this problem is very different from problems arising in the theory of Diophantine approximation with dependent quantities, also traditionally called "Diophantine approximation on manifolds" (see for instance, [9, 2] ). In the latter subject, one studies rational approximation of points on varieties by all rational points in R d , while we are interested in approximation by rational points lying on the variety.
Let X be a nonsingular subvariety of the affine space A n defined over a number field K. We denote by V K the set of normalized absolute values |·| v of K and by K v the corresponding completions. We introduce a metric on X(K v ):
x − y v := max 2) and the height function on X(K):
For S ⊂ V K , we set X S := {(x v ) v∈S : x v ∈ X(K v ); x v v ≤ 1 for almost all v}.
The metric on X S is defined as the maximum of the local metrics (1.2). We fix non-vanishing regular differential form on X of top degree. This defines measures λ v on X(K v ) and a measure λ S on X S , which is product of the measures on X(K v ) normalized so that the subsets { x v v ≤ 1} have measure one. Different choices of differential forms give equivalent measures. We are interested in Diophantine approximation in X S by elements of X(K), which are embedded in X S diagonally. Let Ψ = (ψ v ) v∈S be a collection of nonincreasing functions ψ v : R + → (0, 1] such that ψ v = 1 for almost all v. Definition 1.3. We say that a point x = (x v ) v∈S ∈ X S is Ψ-approximable if there are infinitely many z ∈ X(K) such that
(1.4)
We denote by W(X S , X(K), Ψ) the set of Ψ-approximable points in X S .
with r v = 2 if K v = C and r v = 1 otherwise. Since X is nonsingular, computing volumes with respect to the measures λ v in local coordinates yields
where the implied constant is uniform as z varies in compact sets. Therefore, the standard Borel-Cantelli argument implies that if
for all bounded subsets D of X S , then the set W(X S , X(K), Ψ) has measure zero. Similarly, one can obtain an elementary estimate on the Hausdorff dimension of the set W(X S , X(K), Ψ). Let us assume that S is finite, and all functions ψ v are equal. It follows from the definition of the Hausdorff dimension (see Section 5 below) that if with α > 0,
for all bounded subsets D of X S , then the set W(X S , X(K), Ψ) has Hausdorff dimension at most α.
We prove partial converses of these statements in the setting of homogeneous varieties of simple algebraic groups. Our main results which are optimal in many cases, are illustrated by the following example:
be a rational 2-dimensional ellipsoid. We fix a finite prime p, a finite set of primes p 1 , . . . , p s (possibly including ∞) different from p, and ψ : R + → (0, 1] a nonincreasing function. We consider the problem of Diophantine approximation in X(Q p 1 ) × · · · × X(Q ps ) by points in X(Z[1/p]). In this setting, we have:
(i) If there exists a bounded subset D of X(Q p 1 ) × · · ·× X(Q ps ) and ǫ > 0 such that
, the system of inequalities
In view of the above discussion, this result is optimal (up to ǫ > 0). Namely, as we saw in (1.5), if
2s < ∞ for all bounded subset D, then the set of such (x 1 , . . . , x s ) has measure zero. (ii) If there exists a bounded subset D of X(Q p 1 ) × · · ·× X(Q ps ) and α ∈ (0, 2s) such that
then the set of (x 1 , . . . , x s ) ∈ X(Q p 1 ) × · · · × X(Q ps ) such that the system of inequalities
has infinitely many solutions z ∈ X(Z[1/p]) has Hausdorff dimension at least α. This result is optimal. Indeed, according to (1.6), if
for all bounded subset D, then the set of such (x 1 , . . . , x s ) has Hausdorff dimension at most α.
Our first theorem concerns Diophantine approximation on a semisimple algebraic group G. Let G V K denote the restricted direct product of G v , v ∈ V K . The group of K-rational points G(K) embeds diagonally in the locally compact group G V K as a discrete subgroup with finite covolume. A continuous unitary character [5, §3] ). We define the spherical integrability exponent of π v with respect to U v by
We note that the Langlands programme provides explicit bounds and conjectures regarding the values of the integrability exponents (see [14] for a comprehensive discussion). In particular, it is known that the integrability exponents q v (G) are always finite (see [3] ), the RamanujanPetersson conjecture predicts that q v (SL 2 ) = 2 for all v, and it is known that q v (SL 2 ) = 2 for a positive proportion of v's (see [13] ).
In the setting of Example 1.4, it is also known that q v (G) = 2 due to the celebrated results of Deligne combined with the Jacquet-Langlands correspondence (see [11, Appendix] ). For S ⊂ V K , we set 8) where q v denotes the cardinality of the residue field for non-Archimedean v, and define
Theorem 1.5. Let G ⊂ GL n be a connected simply connected almost simple algebraic group defined over a number field K, S ⊂ V K , and
This result is analogous to Khintchine's Theorem (Theorem 1.1). Comparing (1.10) with (1.5), we conclude that it is optimal when q V K \S (G) = 2. The assumption that G is simply connected is essential here, and Theorem (1.5) can be considered as a quantitative version of the strong approximation property [12, 7.4] , which is only valid for simply connected semisimple groups.
More generally, we consider a quasi-affine variety X ⊂ A n defined over a number field K and equipped with a transitive action of a connected almost simple algebraic group G ⊂ GL n defined over K. For S ⊂ V K and a collection of functions Ψ = (ψ v ) v∈S , we are interested in analyzing the set W(X S , X(K), Ψ) defined as above. Even when the set X(K) is not discrete in X S , it might happen that its closure has measure zero in X S , and in particular, the direct analogue of Theorem 1.5 fails. To describe the structure of W(X S , X(K), Ψ), we observe that X S is a union of open sets
where S ′ runs over finite subsets of S containing the Archimedean places of S. Hence, the problem reduces to analyzing the sets
When S ′ contains all places v such that ψ v = 1, it is easy to check that
As we will see below (cf. Lemma 4.
is open in X S ′ , and we shall prove an analogue of Theorem 1.5 for the sets
To state this result, we introduce a measure of the growth of the number of rational points in X S,S ′ defined by
where D runs over bounded subset of X S,S ′ . We note that a S,S ′ (X) < ∞. When the supremum in (1.11) is taken over all bounded subsets of X S we use the notation a S (X). In the case of a group variety, if G is isotropic over
Theorem 1.6. Let X ⊂ A n be a quasi-affine variety defined over a number field K and equipped with a transitive action of a connected almost simple algebraic group G ⊂ GL n defined over K. Let S ⊂ V K , S ′ be a finite subset of S containing the Archimedean places of S, and let Ψ = (ψ v ) v∈S ′ be a collection of nonincreasing functions ψ v : R + → (0, 1]. Suppose that for a bounded subset D of X S,S ′ and a constant
we have
Estimate (1.12) contains an interesting interplay between the arithmetic datum
, which measures the growth rates of rational points, and the analytic datum q V K \S (G), which measures the spectral gap for automorphic representations. Typically,
≤ 1 and
≥ 1, but their product must be always at least one. Indeed, if this is not the case, then
and one can exhibit a family of approximation functions ψ v such that both (1.5) and (1.13) hold. Since this contradicts Theorem 1.6, we conclude that
which was also observed in [5, Cor. 1.8] . If the equality holds (see, for instance, Example 1.4), then the result of Theorem 1.6 is optimal.
Now we state an analogue of the Jarník theorem (Theorem 1.2) which estimates the Hausdorff dimension of the sets W(X S ′ , X S,S ′ ∩X(K), Ψ). The problem of estimating the Hausdorff dimension in a nonconformal setting is quite subtle, and in particular, there is no version of Jarník's theorem for general rectangular regions defined by a family of functions ψ 1 , . . . , ψ d . Therefore, we restrict our attention to the case when all the functions ψ v are equal to a single function ψ and write W(X S ′ , X S,S ′ ∩ X(K), ψ) to denote the set of approximable points.
n be a quasi-affine variety defined over a number field K and equipped with a transitive action of a connected almost simple algebraic group G ⊂ GL n defined over K. Let S ⊂ V K , S ′ be a finite subset of S containing the Archimedean places of S, and let ψ : R + → (0, 1] be a nonincreasing function. Suppose that for some 0 < α < v∈S ′ r v dim(X) and a bounded subset D of X S,S ′ , we have
(1.14)
is open in X S ′ , and the intersection of the set
has Hausdorff dimension at least
We note that this estimate is optimal if
, which holds for a number of cases (see, for instance, Example 1.4).
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Notation
Let K be a number field. We denote by V K the set of normalised absolute values of K and by K v the corresponding completions 
Let G ⊂ GL n be a connected almost simple linear algebraic group defined over K. For v ∈ V K , we set G v = G(K v ), and for S ⊂ V K , G S denotes the restricted direct product of G v , v ∈ S with respect to G(O v ).
When S = S 1 ⊔S 2 , we have G S = G S 1 ×G S 2 , and in order to simplify notation we often identify a subset B of G S 1 with the subset B × {e} of G S .
We define a height function H on
This extends the definition of the height function from (1.3).
For each v, we fix a good special maximal compact subgroup
Each group G v is equipped with an invariant measure m v which we normalize for non-Archimedean v so that m v (U v ) = 1. The groups G S are equipped with the corresponding product measures m S . In particular, we denote m V K by m. Since G is semisimple, the subgroup G(K) has finite covolume in G V K . We denote by µ the invariant probability measure on the quotient space Υ := G V K /G(K).
Group varieties
Our proof of the main theorem is based on analysis of suitable averaging operators on the space L 2 (Υ) of square-integrable functions of Υ. For T ⊂ V K and a probability measure β on G T , we introduce the averaging operator π T (β) :
In the case when G is simply connected, the asymptotic behaviour of these averaging operators is described by
Assume that G is simply connected, and let β be the Haar-uniform probability measure supported on bi-
The connection between behavior of the averaging operators and Diophantine approximation is provided by the following proposition. We use the notation I v = {q 
and the following property holds:
if for a subset B ⊂ G V K \S , ǫ = (ǫ v ) v∈S ′ as above, x ∈ Ω and ς := (e, x −1 )G(K) ∈ Υ, we have
and
We note that the upper bound in (3.2) was not stated explicitly in [5] , but it follows easily from the construction of the sets Φ ǫ .
Proof of Theorem 1.5. We note that the divergence assumption (1.10) implies that the group G is isotropic over , and this contradicts (1.10) .
Since G is isotropic over V K \S, it follows from the strong approximation property of simply connected groups (see [12, §7.4] 
To simply notation, we set
We consider a family of bounded bi-
It follows from the definition of a = a S (G) that for every δ > 0 and sufficiently large h,
Since the function ψ S is nonincreasing, it follows from (1.10) that
and because of (3.5) we also get
Since 0 < ψ S ≤ 1, there exists α 0 (δ) ∈ [0, ∞] such that this series converges for all α > α 0 (δ) and diverges for all α < α 0 (δ). We fix α 0 > qd/2 such that series (1.10) diverges for α = α 0 . Since divergence in (1.10) implies divergence in (3.6), we have α 0 (δ) ≥ α 0 .
Using that the function ψ S is monotone, it is easy to check that (3.6) is equivalent to
with any c > 0. We choose c = c 0 c 1 /2 where c 0 is as in (3.3) , and c 1 is as in (3.4) . In order to continue our argument, it would be convenient to know that α 0 (δ) < ∞. This is arranged by the following construction. If
we set R n := ψ S (c 2 n−1 ). Otherwise, there exists ǫ > 0 such that the set N := {n : 2 (a+δ)n ψ S (c 2 n−1 ) α 0 ≥ ǫ} is infinite. In this case, we set
In both cases, we have R n ≤ ψ S (c 2 n−1 ), and since N is infinite,
for α = α 0 . There exists α 1 (δ) ∈ [0, ∞] such that this series converges for all α > α 1 (δ) and diverges for all α < α 1 (δ). Clearly, α 1 (δ) ≥ α 0 . It also follows from the definition of R n that R n ≪ 2 −κn with some κ > 0. Hence, α 1 (δ) < ∞.
Let S ′ be the finite subset of S on which ψ v = 1. Recall that
Since R n ≤ ψ S (c 2 n−1 ), we may write
We denote by Φ n the collection of measurable subsets of Υ defined by Proposition 3.2 with ǫ v = ǫ
We consider the sequence of functions on Υ defined by φ n := c n 1 Φn with c n = 2 (a+δ)n R α−d n . Since according to (3.2), we have µ(Φ n ) ≫ R d n and α < α 1 (δ), it follows that
Let β n denote the Haar-uniform probability measure supported on B 2 n and
We claim that F k is L 2 -integrable for sufficiently small δ > 0 and α < α 1 (δ) sufficiently close to α 1 (δ). To verify this, we observe that by Theorem 3.1 and (3.2), for every δ > 0,
By [5, Lem. 6.1], for every δ > 0 and sufficiently large n,
Hence, for sufficiently large k,
where θ = θ(δ) satisfies θ(δ) → 0 + as δ → 0 + . We apply Hölder's inequality to the above sum with the exponents r = a/(a(1 − 1/q) + 2θ) andr = (1 − 1/r) −1 .
Note that when δ is sufficiently small, we have r > 1. Then we obtain
This implies that
for every sufficiently small δ > 0 and every α ≥ α 0 . Since α 1 (δ) ≥ α 0 , it follows that for α < α 1 (δ) sufficiently close to α 1 (δ) and for sufficiently small δ > 0, we also have
This implies that the series in (3.10) converges, and we conclude that F k is L 2 -integrable. Let δ > 0 and α < α 1 (δ) be such that F k is L 2 -integrable. We consider a sequence of subsets Υ n := {ς ∈ Υ : B −1 2 n ς ∩ Φ n = ∅} of Υ. Note that by (3.9), on the set n≥k Υ n ,
Since F k is L 2 -integrable, it follows that µ n≥k Υ n = 0 and the set Υ ∞ := lim inf(Υ n ) also has measure zero. We denote by Υ ∞ the pre-image of
Let Ω be a compact subset of G S , and
and U has positive measure, it follows that the set Ω\Ω ′ has measure zero. Let us take an exhaustion G S = ∪ j≥1 Ω j of G S by compact sets. Then ∪ j≥1 Ω ′ j is a subset of G S of full measure. Hence, it suffices to show that given a compact subset Ω of G S , almost every element of Ω ′ is contained in W(G S , G(K), Ψ).
For x ∈ Ω ′ , there exists y ∈ U such thatς := (y,
andςG(K) / ∈ Υ n for infinitely many n. This means that for infinitely many n, we have B −1
Now we are in position to apply Proposition 3.2. It follows that for infinitely many n, there exists z n ∈ G(K) such that
Recall that ψ v (t) → 0 as t → ∞ for at least one v. Since then
we conclude that if x v / ∈ G(K), then the set {z n } must be infinite. This proves that almost every element in Ω ′ belongs to W(G S , G(K), Ψ), and finishes the proof of Theorem 1.5.
Homogeneous Varieties
In this section, X ⊂ A n is a quasi-affine algebraic variety defined over a number field K and equipped with a transitive action of a connected almost simple algebraic group G ⊂ GL n defined over K. Because G is not assumed to be simply connected, it usually has nontrivial automorphic characters, and the behaviour of the averaging operators is more subtle than in Theorem 3.1.
Let X aut (G V K ) be the set of automorphic characters of G V K , namely the set consisting of continuous unitary characters χ of
.4]), which clearly contains G(K).
The following theorem describes the asymptotic behavior of the averaging operators acting in L 2 (Υ) for G which is not necessarily simply connected. 
\S -biinvariant and β the Haar-uniform probability measure supported on the subset
The version of Proposition 3.2 for general homogeneous varieties is provided by
0 ∈ X S ′ , and a bounded subset Ω of G S ′ . Then there exist ǫ 0 ∈ (0, 1) and a family of measurable subset Φ ǫ of Υ indexed by ǫ = (ǫ v ) v∈S ′ where
and for
The upper bound in (4.1) was not stated in [5] , but it follows from the explicit construction of the sets Φ ǫ . Lemma 4.3. Let S be a subset of V K and S ′ a finite subset of S containing the Archimedean places of S. Suppose that the set X S,S ′ ∩ X(K), embedded in X S ′ , is not discrete. Then the group G is isotropic over V K \S, and
Proof. We first show that X V K \S must be noncompact. Indeed, since X S,S ′ ∩ X(K) is not discrete in X S ′ , there exists a bounded subset D of X S,S ′ which contains infinitely many elements of X S,S ′ ∩ X(K). On the other hand, X(K) is discrete in X V K , and if X V K \S were compact, then there would have been only finitely many elements of X(K) contained in X V K \S × D, which gives a contradiction.
If G is anisotropic over V K \S, then V K \S is finite by [12, Th. 6.7] , and G V K \S is compact by [12, Th. 3.1] . It follows from finiteness of Galois cohomology over local fields [12, Th. 6 .14] that X V K \S consists of finitely many orbits of G V K \S . Then X V K \S is compact contradicting the previous paragraph. This shows that G must be isotropic over V K \S.
To describe the structure of X S,S ′ ∩ X(K) in X S ′ , we note that
Let p :G → G denote the simply connected cover of G. By [5, Lem. 6.3] , the closure X(O (V K \S)∪S ′ ) in X S ′ is a union of finitely many open orbits of p(G S ′ ). This proves the lemma.
Proof of Theorem 1.6. The assumption (1.13) implies that X(K)∩D is infinite. In particular, it follows that the set X S,S ′ ∩X(K), embedded in X S ′ , is not discrete, and by Lemma 4.3,
is open in X S ′ . Moreover, the closure X(O (V K \S)∪S ′ ) in X S ′ is a union of finitely many open orbits of p(G S ′ ). Therefore, it suffices to show that for
Moreover, it suffices to show that for every compact subset Ω of p(G S ′ ), almost all points in Ωx 0 are approximable. From now on we fix such Ω and x 0 . If ψ v (t) 0 as t → ∞ for all v ∈ S ′ , then the claim of the theorem follows from density. Hence, we assume that ψ v (t) → 0 as t → ∞ for at least one v ∈ S ′ . As in the proof of Theorem 1.5, we may assume, without loss of generality, that Im(ψ v ) ⊂ I v ∩ (0, ǫ 0 ) with notation as in Proposition 4.2.
We set
Since both U v and G(O v ) are open and compact in G v , it follows that the subgroup
U denotes the kernel of U-invariant automorphic characters of G V K . It contains G(K) and has finite index in G V K (see [5, Lem. 4.4] ). We note that p(G S ′ ) ⊂ G U becauseG has no nontrivial automorphic characters (see [5, Lem. 4.1] ). We also fix a compact neighbourhood U ′ of identity in
Since U, U ′ , and U V K \S are compact, there exists c 1 ≥ 1 such that
There exists c 2 = c 2 (x 0 ) ≥ 1 such that
Since the function ψ S is nonincreasing, we deduce from (1.13) that
and from the definition of a, we also get
for every δ > 0. Since 0 < ψ S ≤ 1, there exists α 0 (δ) ∈ [0, ∞] such that series (4.6) converges for all α > α 0 (δ) and diverges for all α < α 0 (δ). We fix α 0 > aa
0 qd/2 such that series (1.13) diverges. Since divergence in (1.13) implies divergence in (4.6), we have α 0 (δ) ≥ α 0 .
Since ψ S is monotone, (4.6) is equivalent to
with any c > 0. We choose c = c 0 c 1 c 2 /2 where c 0 is as in (4.2) and c 1 , c 2 as in (4.3), (4.4).
As in the proof of Theorem 1.5, we make a reduction to the case when α 0 (δ) < ∞. Let α 0 > aa −1 0 qd/2 be such that series (4.7) diverges. We define R n as in the proof of Theorem 1.5. Then R n ≤ ψ S (c 2 n−1 ), R n ≪ 2 −κn with some κ > 0, and
for α = α 0 . Since R n ≪ 2 −κn , series (4.8) converges for sufficiently large α. There exists α 1 (δ) ∈ [α 0 , ∞) such that series (4.8) converges for all α > α 1 (δ) and diverges for all α < α 1 (δ). Since ψ S (t) = v∈S ′ ψ v (t) rv and R n ≤ ψ S (c 2 n−1 ), we may write
n be the Haar-uniform probability measure supported on B ′ n . By Theorem 4.1, the averages along β ′ n satisfy the mean ergodic theo-
for every δ > 0, where ξ U is the function on Υ such that 
As in the proof of Theorem 1.5, we claim that F k is L 2 -integrable for sufficiently small δ > 0 and α < α 1 (δ) sufficiently close to α 1 (δ). By (4.9) and (4.10), for every δ > 0,
Moreover, by [5, Lem. 6.1-6.2], for every δ > 0 and sufficiently large n,
Therefore, for sufficiently large k,
where θ = θ(δ) satisfies θ(δ) → 0 + as δ → 0 + . Now we apply Hölder's inequality with the exponents r = a/(a − a 0 /q + 2θ) andr = (1 − 1/r) −1 .
When δ is sufficiently small, r > 1. This gives
Since α 0 > aa
Moreover, it follows that for all sufficiently small δ > 0 and all α ≥ α 0 ,
Since α 1 (δ) ≥ α 0 , it follows that for α < α 1 (δ) sufficiently close to α 1 (δ) and for sufficiently small δ > 0,
Hence, by the definition of α 1 (δ), the series in (4.11) converges, which completes the proof that F k is L 2 -integrable.
We fix δ > 0 and
By the definition of F k , on the set ∩ n≥k Υ n ,
Since by Proposition 4.2, µ(Φ n ) ≫ R d n and α < α 1 (δ), we conclude that
on the set ∩ n≥k Υ n . In particular, this shows that µ(∩ n≥k Υ n ) = 0 and Υ ∞ := lim inf(Υ n ) also has measure zero. Let Υ ∞ be the preimage of
and UU ′ has positive measure in G V K \S ′ , the set Ω\Ω ′ has measure zero. Then Ω ′ x 0 has full measure in Ωx 0 . Finally, we show that almost every element of Ω ′ x 0 belongs to the set W(X S ′ , X S,S ′ ∩ X(K), Ψ). For g ∈ Ω ′ , we set ς := (e, g −1 )G(K). There exists y ∈ UU ′ such that yς / ∈ Υ ∞ .
This implies that for infinitely many n, yς ∈ Υ n , i.e.,
Then it follows from Proposition 4.2 that for infinitely many n, there exists γ n ∈ G(O (V K \S)∪S ′ ) such that H(γ n ) ≤ c 0 sup
and for x = gx 0 and z n = γ n x 0 ,
We have z n ∈ X(O (V K \S)∪S ′ ) and H(z n ) ≤ c 2 H(γ n ) ≤ c2 n−1 . Hence, since ψ v is monotone, we conclude that
Recall that ψ v (t) → 0 as t → ∞ for at least one v ∈ S ′ . If x v / ∈ X(O (V K \S)∪S ′ ), then it follows that the set {z n } is infinite. Therefore, almost every element of Ω ′ x 0 is in W(X S ′ , X S,S ′ ∩ X(K), Ψ). This completes the proof of the theorem.
Hausdorff dimension
We start by recalling the notion of Hausdorff measure and dimension. Let (M, dist) be a locally compact separable metric space. The sHausdorff measure H s is a Borel measure on M defined by The proof of Theorem 5.1 is based on construction of a Cantor-like set in B ∩ lim sup i∈N B(x i , r i ) and a suitable measure supported on this set with large dimension. The same proof still applies provided that (i) (5.1) holds for all closed balls B(x, r) with r ≤ r 0 such that B ∩ B(x, r) = ∅, (ii) (5.2) holds for all closed balls C contained in the ball B.
Proof of Theorem 1.7. In the proof we use notation as in (4.5), and without loss of generality, we may assume that ψ(t) → 0 as t → ∞.
The assumption (1.13) implies that the set X S,S ′ ∩ X(K), embedded in X S ′ , is not discrete, and by Lemma 4.3, its closure X S,S ′ ∩ X(K) is open in X S ′ .
We consider the space X S ′ with the metric which is the product of local metrics (1.2). We cover X with a collection of Zariski open subsets U such that each U supports a non-vanishing regular differential form of for every s < 
